Lorentz-violating Chern-Simons action under high temperature in massless QED 
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Lorentz and CPT violating QED with massless fermions at finite temperature is studied. We show 
that there is no ambiguity in the induced coefficient of the Chern-Simons-like term that defines the 
so-called CarroU-Field-Jackiw model at high temperature. We also show that this system constitutes 
an example where the breaking of CPT and Lorentz symmetries is more severe at high temperature 
than in the zero temperature case thus precluding any naive expectations of Lorentz symmetry 
restoration. 

PACS numbers: ll.30.Er, ll.lO.Wx, 12.20.Ds 
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I. INTRODUCTION 

There is wide interest nowadays in model field theo- 
ries that provide phenomenological description of possi- 
ble Lorentz and CPT symmetries violations. It has thus 
become increasingly important to address the question 
of stability of these symmetry violations as a function 
of environmental variations. It is expected that Lorentz 
and CPT violations are spontaneously broken, meaning 
that it is a property of the particular state in which the 
system rests at low energies. It is then conceivable that 
symmetry restoration takes place at high temperatures 
where the temperature is responsible for setting the en- 
ergy scale. But the restoration of symmetries at high 
temperatures is a naive lore known not to be true in gen- 
eral Q. 

The main purpose of the present work is to discuss a 
field theory model where not only the Lorentz symme- 
try is not restored but in fact the breaking is enhanced 
as the temperature gets higher. We will address the spe- 
cific problem of the radiatively induced Lorentz and CPT 
violating term in QED at finite temperature. This modi- 
fied electrodynamics is known as the Carroll-Field- Jackiw 
(CFJ) model and can be seen as a sector of the Stan- 
dard Model Extension (SME) [1]. 

There has been conflicting reports in the literature 
about the induction of the Chern-Simons-like term defin- 
ing the CFJ model in the finite temperature framework 
of massive QED [lJ,il3,i. Different approaches seems 
to lead to different conclusions about the value of the nu- 
merical coefficient of this term. For example, in the refer- 
ence Q : the authors argue that at finite temperature the 
Chern-Simons-like term is generically present, with the 
value of its coefficient being unambiguously determined 
up to a temperature independent constant, related to 
the zero temperature renormalization conditions. The 
authors of reference Q conclude that the term is com- 



pletely suppressed in the limit of very high temperature, 
and the Lorentz and CPT symmetries of the theory are 
restored. On the other hand, in 0| it was found that 
the coefficient depends on the regularization schemes at 
zero or finite temperature, so it remains undetermined. 

It is important to recall that this problem already ex- 
ists at zero temperature for massive fermions. Consid- 
ering the fermionic quantum fluctuations as responsible 
for the induction of the CFJ model it is found that the 
coefficient of this term has an ambiguous value (see for 
instance [1, 113, [H E [ll Q E 111, [13 ) ■ In fact this 
is claimed to be an example where quantum corrections 
are finite but undetermined, that is, its value can only 
be determined through experimental inference. This is 
not an unusual situation in quantum field theory as was 
pointed out by Jackiw liol . ocurring for instance in the 
Schwinger chiral model |l8l|. The mathematical mani- 
festation of such phenomenon is the dependence of the 
result on different regularization schemes. 

The main goal of the present study is to investigate 
whether this issue appear in the particular case of ex- 
tended massless QED at high temperature. In the mass- 
less case at zero temperature has been shown in fl§| 
that such ambiguity is absent. It has been argued there 
that such result should follow naturally from dimensional 
projection considerations since the 4D Lorentz violating 
fermionic term reduces to the 3D fermionic mass term. 
Since the coefficient of the 3D Maxwell-Chern-Simons 
model is not ambiguous [l^, the coefficient of the CFJ 
model for massless fermions should also be free of such 
pathology. This is confirmed by the results obtained pre- 
viously in the Refs.0], [l^ and [l^]. For massive 4D 
QED this line of reasoning is not possible because the 
mass term has no correspondent in 3D. It is therefore 
suggestive that these distinct behaviors are somehow re- 
lated to the breaking of the chiral symmetry. This obser- 
vation prompt us to suspect that at the high temperature 
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limit, due to the chiral symmetry restoration, the result 
for the massive Lorentz and CPT violating QED would 
be indistinguishable from that of the massless version. 
This seems to be in conflict with the fact that one can- 
not flow continuously from the massive to the massless 
limit of our theory because they have different number 
of degrees of freedom. However, even if the mass goes 
to zero or becomes negligible at high temperature, the 
^-parameter controlling the Lorentz and CPT symme- 
tries violation still continues to play the crucial role of a 
residual mass in the fermion propagator structure. The b- 
parameter contrary to the mass term has the main differ- 
ence of preserving the chiral symmetry and being related 
to the mass term of a 3D Chern- Simons theory. One of 
the consequence of this phenomenon, is that the function 
describing the Chern-Simons coefficient at finite temper- 
ature is pretty the same as that of a massive theory, as 
we shall see later. Indeed one can show that dispersion 
relation assumes the form: 



4|b|2|p|2cos2 



(1) 



where = 6^ — is the "effective mass" , such that 



^ — The propagator structure is maintained 
since ^ for any value of rv? jij^ ^ \? juP'. Indeed 
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in the limit of i 



or < tj2. The last 



regime is the limit of high temperature: po 
nT. 
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So, in this vein it seems sufficient to study the massless 
case to decide about the possibility of Lorentz restoration 
in high temperature. This is the approach we intend to 
take in the present work. Our main result is to show that 
there is no ambiguity in the induced coefficient of the 
Chern-Simons-like term of the CFJ model for massless 
fermions at high temperature and also that the breaking 
is more severe in this case than in the zero temperature 
case [igj thus precluding any Lorentz symmetry restora- 
tion. 

This paper is organized as follows: in section II we 
review the result obtained in [l9|, showing that there is 
no ambiguity in the coefficient of the Chern-Simons-like 
term radiatively induced in QED at zero temperature by 
quantum fluctuations of massless fermions. In section III 
we consider the same system at finite temperature and 
proceed to calculate the induced term by two regulariza- 
tion schemes, dimensional regularization and momentum 
cut-off regularization, explicitly showing that the coeffi- 
cient of the induced term does not depend on the regular- 
ization considered as argued above. Furthermore we find 
that Lorentz violation is enhanced at high temperatures 
in this particular system, as evidenced by the fact that 
the coefficient is two times bigger than at zero tempera- 
ture. Finally, in section IV we present our conclusions. 



II. THE EXTENDED MASSLESS QED 

The model we will consider is given by the Lorentz 
violatin g m odel described by the following Lagrangian 
density 0,112 



/: = 7/;(i^-|i75-e4)V. 



(2) 



In accordance with the reference [19| . we are looking for 
the term in the effective action Sef / ^] , obtained by 
integrating the fermionic degrees of freedom, which is 
quadratic on the gauge field and of first order in 
derivatives. It can be expressed in the form 



(3) 



energy tensor being 
^tr [S,{p)rS,{p)^^Si,{p)^''] , (4) 



with the one loop self-energy tensor being given by 
„2 r 



le 
~2 



where tr, means that the trace just acts over the gamma 
matrices and Sb{p) is the 6^-dependent propagator of the 
theory defined as. 



Ship) = — — — — — Pl 



i{p-hf{i> + f>) 



(p2 _ 52)2 



(p2 _ 52)2 



where 



P, 



R,L 



1±75 



Pr, (5) 



(6) 



are chiral projectors. Thus, taking into account the fact 
that {75,7^} — and (75)^ = 1 and applying the trace 
relation tr(7'^7''7''7''75) — Aie'^^'^P, we can write down a 
simple expression for the self-energy tensor 11^'^'^: 



j-j/^i/A _ ^g2 ^Xfivp 



d^p 



1 



(27r)4 (p2 „ 52)4 

bp{{p^bf+{p~hf)-pp{{p+b)^-{p-h)^.{l) 

Now, we can write the relevant term in the effective ac- 
tion in the form 

sf}f[h,A] = i 1 d^xe'^^^PkpF^^A,, (8) 

where the fcp-parameter can be expressed in the form 
2 f d^p [{p^-b^)bp^4{b-p)pp 



;27r)4 



(p2 _ 52)3 



A[{p%^ + {b-pf)bp-2b\b-p)pp 



(p2 _ 52)4 



(9) 



Note that by power counting, the momentum integral in 
([9|) involves finite terms and terms with logarithmic di- 
vergence. However, the calculations show that the CFJ 
model can be induced with its coefficient being well de- 
fined and finite in different regularization schemes p^ . 
The exact value is: 



(10) 
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III. THE FINITE TEMPERATURE EFFECTS 

In order to analyze the effects of finite temperature 
in radiative correction calculations, we consider the sys- 
tem in a state of thermal equilibrium characterized by a 
temperature T = Therefore, we make the following 
substitutions: 



Po = Wo 



= (n + 1/2) J and (1/2^) J dpo ^ ^^(ll) 



where uq is the Matsubara frequency for fermions. Again, 
we consider the expression ([SJ and rewrite it in the frame- 
work of the imaginary time formalism (xq — > —ixo, bo — > 
ibo, d^x —id'^x, d'^p — > id^p): 



2i 



E 



(Pp [{p^ -b^)bp- 4:{b-p)pp 



(27r)3 



(p2 _ ^2)3 



4[{pH^ + {b-p)^)bp-2bHb-p)pp] 



(p2 _ ^2)4 

Or, only the time-like component 



(12) 



'2i e^bo 



E 



n— — oo 



d^p ^ 

(27r)3 L(p2 + 52)2 



Ap 



(p2+^2)3 (p'2_^^2)4 



(13) 



where 



■^0 ~ "0- 



A. Dimensional regularization 

Let us now use the standard dimensional regularization 
scheme [1^ to perform the integration over the spatial 
momentum in D dimensions in the expression (|13p . The 
expression takes the form 



-2ie^ bo ( a^\^^ 



er(Ai 



(47r)W2^V bl) ^£^J((„+l)2+«2)A, 

al (3 + e')r(A2) 



3 ((n+i)2-ha2)A.J' 



(14) 



where Ai=2— -j)'^2 = 3 — -^,6 = 3 — D and aq = 

At this point we need an explicit expression for the sum 
over the Matsubara frequencies. We use the following 
result in 



E 



1 



^ V^r(A - 1/2) 

[(n+i)2-fa§]^ r(A)(ag)^-V2 



4 sin(7rA) 



2 1 ' "^0 

=° dz 



Re 



laol(^^-ao)^ yexp27r(z + §) 



,(15) 



which is valid for 1/2 < A < 1. Substituting this formula 
into we have 



h iR\ 2ze^ bo ( a^\^i 



V^r(i 



(ao)^' 



dz 



/•oo 



f L_ 

Vexp 27r(z + 



4(3 + e>g 



r(A2) X 



sin(7rA2 



dz 



-Re( 



1 



|ao|(^^-«o)^' Vexp27r(z + f) - 1 



(16) 



Note that for Ai = 2 — - j and A2 = 3 — - j we cannot apply 
this relation for D = 3 since the integral diverges. Thus, 
we carry out the analytic continuation for this relation, 
so that we obtain 



dz 



3-2A 



Re( 



1 



1 - A 



Vexp 27r(z + ib) 
dz 



1 



1 
2^ 



-Re( 



1 



\ exp 27r(z + i6) — 1 
dz 



Aat (2-A)(l-A) {z^~ai) 



d^ f 1 
Re\ 

dz"^ Vexp 27r(z + i6) — 1 



,2^A-2 



(17) 



Now we can substitute this expression into and use 
it for Z) = 3. Thus, after some simplifications we get 



ko{P) = -^[l + 2^2^(ao)]&o, 
where the function F{ao) is given by 

Fiao)=rdziz^^alf'^'-^^. 

J\ao\ cosh (tTZ) 



(18) 



(19) 



and has the following limits: F{ao 00) ^ {) [T ^ Q) 
and F{ao ^ 0) ^ l/27r2 (T ^ 00) — see FigUl 

In summary, we conclude that the Chern-Simons-like 
coefficient at finite temperature regularized via dimen- 
sional regularization scheme is given by 



and 



ko - ^bo 



ko = ^60 



(ao ^ or 00), (20) 



[ao 



00 or 0). 



(21) 



Notice that the coefficient fco at T — > coincides with the 
coefficient ()10p previously obtained at zero temperature, 
while at T ^ 00 it corresponds to the double of this 
value. A similar result was found in [2^ for a massive 
theory by using the dimensional and momentum cut-off 
regularization. In this particular case the massless theory 
at high temperature leads to the same result of a massive 
theory without temperature. 
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FIG. 1: The function /(/3) = 1 + 27r^F(ao) is different from 
zero everywhere. It flows from f{l3) = 2 at high temperature 
{13 — > 0) to /(/9) = 1 at zero temperature (/9 oo). 



B. Momentum cut-off- A regularization 

To develop calculations via momentum cut-off, we 
rewrite the expression (|13p in spherical coordinates, and 
as result, we obtain 



• 2 J, °° poo 



(p2 + ^2)2 



4jf 



_ie%, g [/i(A)+/2(A)+/3(A) 



B 



(22) 



where the integrals /i(A), /2(A) and /3(A) are written 
as, 



/i(A) 



du- 



(U2 + 1)2 

arctan(A) + arctan(A)i32 - B 



(1+^2) 



(23) 



^2 (A) = - 



au^^5 7TT 

(w' + 1)' 

1 



2(1 + B2)2 



3 arctan(A) + QB arctan(A) 



?,B^ arctan(A) - 5B - 35^ 



(24) 



and 
/3(A) 



u=A/B 



du 



{u^ + 1)4 
1 



12B2 (1 + 3^2 + 3^4 + 56) 
95^ arctan(A) + 9B'^ arctan(A) + 
arctan(A) + 3B + 8B^ - 313" 



3 arctan(A) 



(25) 



A/B and B = B/A. Therefore, taking the 
00, this implies in A = cx) and B = 0. Thus, 



with A 
limit A 

we have the following results: 

/i(A) = — , /2(A) = and /3(A) - (26) 

Now, we can substitute the values of the integrals above 
in expression pop and obtain the simple equation 



Ao(/3) 



167r2 ^ 

n— — OG 



((n+i)2 + a2)i 



(27) 



Now, we shall perform the analytical continuation in 
the relation (|15p and substitute the full result of sum 
in (P7)) for A = |. In this way, we must get exactly the 
expression (llSp in the dimensional regularization scheme 
with fco = ie'^bo/Sn'^ for the regime of zero temperature 
and fco — ie'^bo/Air'^ for high temperature. 



IV. CONCLUSIONS 

In this paper we have extended our recent results in 
Lorentz-violating massless QED to the finite temperature 
environment. We had previously shown that contrary 
to the massive case, in massless extensions of Lorentz- 
violating QED at zero temperature, it seems that the 
3-1-1 dimensional Chern-Simons-like term is finite and de- 
termined because, by dimensional reduction, one can see 
that at least one of its components is related to its finite 
2-1-1 dimensional Chern-Simons counterpart. In order to 
support this conjecture we have used different regulariza- 
tion schemes to show that we find the same answer. In 
the present investigation, we have shown that this contin- 
ues to be true at finite temperature. In the limit of high 
temperatures we find the same answer for the coefficient 
of the 3-1-1 dimensional Chern-Simons via two distinct 
regularization schemes: dimensional regularization and 
the momentum cut-off regularization. Furthermore, we 
observe that the Chern-Simons-like coefhcient at high 
temperature is two times bigger than at zero tempera- 
ture. That is, of course, a nonzero result contrary to 
what one could expect if one believes that high tempera- 
ture is always bounded to restore symmetries — at least 
in part [2^. However, a few comments concerning this 
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fact are in order. The same phenomenon has aheady ap- 
peared in the massive case [i, 01- And in fact there is 
no evidence to beheve that any symmetry should be re- 
stored at high temperature. There are other examples in 
Nature of systems, such as Rochelle salts, where a sym- 
metry is broken at high temperature and restored at low 
temperature What we have shown is an example of 
a system where the Lorentz symmetry is broken at zero 
temperature and continues to be broken at high temper- 
ature with an even higher strength as determined by the 



Chern-Simons-like coefficient. 
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